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Abstract
In this paper, we introduced the black brane solution in Rastall theory and in the
context of massive gravity. The ratio of shear viscosity to entropy density is calculated
for this solution. Our result shows that the KSS bound violates for this theory.
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1 Introduction
General Relativity (GR), formulated by Albert Einstein in 1915, is a theory for massless
and spin-2 particles [1]–[4]. GR is a Gauge Theory and its gauge is diffeomorphism
invariance, therefore it should be quantizable but it is not so because GR is non-
renormalizable .This problem is solved by adding higher order curvature terms to the
Einstein-Hilbert action at 1-loop [5, 6].
The second reason to modify GR is Dark matter (DM) and Dark energy (DE). The
observation shows that 4% of the universe is known and the other 96% of the unknown
universe includes DE and DM. Therfore, GR should be modified to describe DM and
DE.
Rastall theory is one of these modified gravities formulated by P. Rastall. GR has an
assumption that the covariant divergence of the energy-momentum vanishes but the
assumption is modified in the Rastall theory like T µµ;ν = λR,ν where λ is the Rastall
parameter[7].
Field equations reduce to the Einstein equations when λ = 0. These equations are
equivalent to the Einstein equations in empty space-time, but differ from them in the
presence of matter. The geometry and matter fields are coupled to each other in a
non-minimal way in Rastall theory. Smalley writes the Lagrangian for Rastall theory
and derived the field equations via variational principle [8].
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There are some models to explain for DE and DM: massive gravity[9], bimetric
gravity, scalar-tensor gravity[10] and modified gravity[11]-[14]. Massive gravity is in-
troduced by Fierz-Pauli [15] in flat space-time background and C. de Rham and et al
extend it curved spacetime[9]. In this paper, we consider massive gravity in Rastall
Theory and introduce the black brane solution. This model worthwhile to study as
modified of Einstein-Hilbert gravity for the unknown part of the universe.
The physical description of quark-gluon plasma (QGP) is the great challenges in
recent years. There are some results that QGP is strongly coupled system. Perturba-
tion theory is not a useful way for strongly coupled theories. At the first glance Lattice
QCD is usable way whereas it has some limitation. Gauge/Gravity duality [16]-[19]
opens a window for solving these theories. There is a dictionary for these two different
theories and we can translate the information of strongly coupled gauge theory into
a weakly gravity theory and vice versa. In the long wavelength regime this duality
leads to fluid/gravity duality [20]-[26]. Any fluid is characterized by some transport
coefficients. One of these transport coefficients is the shear viscosity.
There are three ways to calculate shear viscosity: Green-Kubo formula, pole method
and membrane paradigm. For using Green-Kubo formula we should perturb the metric
and the linear response theory gives transport coefficients like shear viscosity, DC/AC
conductivity and so on.
The final way is membrane paradigm that it means the information of fluid is located
on the horizon of black brane.
The ratio of shear viscosity to entropy density is proportional to the inverse square
coupling of quantum thermal gauge theory. It means the stronger the coupling, the
weaker the shear viscosity per entropy density.
2 Black Brane Solution in Rastall AdS Massive
Gravity
The action of this theory is as follows,
S =
∫
d4x
√−g
( 1
2κ′
R e2
√−gλ′κ′ − 2Λ
)
+m2
∫
d4x
√−g
4∑
i=1
ci Ui(g, f), (1)
Where λ′ and κ′ are two constant parameters. Since Lagrangian should be a scalar,
these parameters recall as: κ′e−2λ
′κ′
√−g → κ , √−gλ′e−2λ′κ′
√−g → λ. The parameters
λ and κ are covariantly constant [27]. The first term is Rastall term and the last term
is the massive term in (1).
The Rastall field equation in massive gravity is as follows,
Rµν − 1
2
(R− 2Λ)gµν + kλgµνR−m2χµν = kTµν , (2)
where R is the Ricci scalar, k the Rastall gravitational coupling constant, λ the Rastall
parameter, Λ the cosmological constant, Gµν = Rµν − 12Rgµν the Einstein tensor and
2
Hµν = Gµν + kλgµνR the Rastall tensor. By substituting in field equation (2) we have
Hµν + Λgµν −m2χµν = kTµν (3)
χµν is the massive term.
χµν =
c1
2
(
U1gµν −Kµν
)
+
c2
2
(
U2gµν − 2U1Kµν + 2K2µν
)
+
c3
2
(
U3gµν − 3U2Kµν
+6U1K2µν − 6K3µν
)
+
c4
2
(
U4gµν − 4U3Kµν + 12U2K2µν − 24U1K3µν + 24K4µν
)
(4)
This field equations reduce to GR field equations in the limit of λ→ 0 and k = 8piGN
where GN is the Newton gravitational coupling constant.
In order to obtain black brane solutions, we consider the general flat symmetric space-
time metric as follows
ds2 = −f(r)dt2 + dr
2
f(r)
+
r2
l2
(dx2 + dy2), (5)
The components of Rastall tensor are as follows:
H00 = G00 + kλg00R =
1
r2
(
f ′r − 1 + f)+ kλR
H11 = G11 + kλg11R =
1
r2
(
f ′r − 1 + f)+ kλR
H22 = G22 + kλg22R =
1
r2
(rf ′ +
1
2
r2f ′′) + kλR
H33 = G33 + kλg33R =
1
r2
(rf ′ +
1
2
r2f ′′) + kλR (6)
where the Ricci scalar reads as
R =
1
r2
(
f ′′r2 + 4rf ′ − 2 + 2f). (7)
The equalities H00 = H11 and H22 = H33 mean the symmetry properties of the Rastall
tensor Hµν .
In (2), ci’s are constants and Ui are symmetric polynomials of the eigenvalues of the
4× 4 matrix Kµν =
√
gµαfαν
U1 = [K]
U2 = [K]2 − [K2]
U3 = [K]3 − 3[K][K2] + 2[K3]
U4 = [K]4 − 6[K2][K]2 + 8[K3][K] + 3[K2]2 − 6[K4] (8)
A generalized version of fµν was proposed in [28] with the form fµν =
c20
l2
diag(0, 0, 1, 1).
The values of Ui are calculated as below,
U1 = 2c0
r
, U2 = 2c
2
0
r2
, U3 = 0, U4 = 0.
3
f(r) is found by inserting the ansatz (5) in field equation Eq.(2),
f(r) = 1− b
r
− Λ
3
r2 +m2l2
(
c0c1
2
r + c20c2
)
. (9)
Event horizon is where f(r+) = 0 and we can find b by applying this condition,
b = r+
[
1− Λ
3
r2+ +m
2l2
(
c0c1
2
r+ + c
2
0c2
)]
≡ r+
(
1− Λ
3
r2+ +∆
)
(10)
where ∆ is,
∆ ≡ m2l2
(
c0c1
2
r+ + c
2
0c2
)
(11)
By substituting b in f(r) we have,
f(r) =
1
r
[
(r − r+)− Λ
3
(r3 − r3+) +m2l2c20c2(r − r+) +m2l2
c0c1
2
(r2 − r2+)
]
. (12)
Cosmological constant depends to the Rastall parameter as Λ = 1
3
ρ0
4λ−1 . The solution
is the same as [28] when λ = 0 and ρ0 =
9
l2
.
Hawking temperature is defined by,
T =
f ′(r+)
4pi
=
1
4pi
[
1
r+
− Λr+ + m
2l2c20c2
r+
+m2l2c0c1
]
. (13)
The entropy can be found by using Hawking-Bekenstein formula,
A =
∫
d2x
√−g|r=r+,t=cte =
r2+V2
l2
S =
A
4G
=
r2+V2
4l2G
s =
S
V2
=
4pir2+
l2
(14)
where V2 is the volume of the constant t and r hyper-surface with radius r+ and in the
last line we used 1
16piG
= 1 so 1
4G
= 4pi.
3 Shear Viscosity to Entropy Density
The black brane solution is,
ds2 = −f(r)dt2 + dr
2
f(r)
+
r2
l2
(dx2 + dy2) (15)
Where f(r) given in Eq.12 and r is the radial coordinate that put us from bulk to
boundary.
4
Now we calculate shear viscosity to entropy density via membrane paradigm method.
Consider the metric as follow
ds2 = g00(r)dt
2 + grr(r)dr
2 + gxx(r)
p∑
i=1
(dxi)2 (16)
Since effective hydrodynamics in field theories is constructed in terms of conserved
currents and energy-momentum tensor of the theory we consider the small fluctuations
of the black brane background as gµν → gµν + hxy for calculating of shear viscosity.
Where hxy is a small perturbation.
By following the procedure of [29] the formula for η
s
is as,
η
s
= T
√−g(r+)√−g00(r+)grr(r+)
∫ ∞
r+
−g00(r)grr(r)
gxx(r)
√−g(r)dr. (17)
By considering the metric Eq.(15) and applying Eq.(17) we have,
η
s
= Tr2+
∫ ∞
r+
dr
r4
=
T
3r+
=
1
12pir+
[
1
r+
− Λr+ + m
2l2c20c2
r+
+m2l2c0c1
]
(18)
Since hydrodynamics is an effective describtion of field theory in long-wavelength limit
we should consider large r+, so by applying this criterion,
η
s
= − Λ
12pi
(19)
By Substituting Λ = 1
3
ρ0
4λ−1 in the valu of
η
s
is as
η
s
= − Λ
12pi
=
1
4pi
ρ0
9− 36λ (20)
The result depends on the the Rastall parameter λ and vaccum energy density ρ0. If
ρ0 < 9− 36λ or (Λ > −3) then ηs is less than 14pi and if ρ0 = 9− 36λ or (Λ = −3) then
η
s
= 1
4pi
.
The spacetime is AdS so the cosmological constant should be negative. It means that
η
s
≤ 1
4pi
for this model.
4 Conclusion
We have used the fluid/gravity duality to obtain information about the dual Rastall
gravity in 4 dimensions. We showed the KSS bound depends on the vacuum energy
density ρ0 . KSS bound saturates for Einstein-Hilbert gravity [24]-[26] but this bound
violates for higher derivative gravities like the Gauss-Bonnet gravity [30]-[33]. Our
result shows that this theory behaves effectively like higher derivative gravities.
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